If the set of monomorphisms between locally convex spaces is not empty, then it is an open subset of the space of all continuous and linear operators endowed with the topology of the uniform convergence on the bounded sets if and only if the domain space is normable. The corresponding characterization for the set of almost open operators is also obtained; it is related to the lifting of bounded sets and to the quasinormability of the domain space. Other properties and examples are analyzed.
Introduction and preliminaries
Bounded below and almost open continuous linear operators between normed spaces, their relation with the topological divisors of zero in the normed algebra of all operators, and the approximate point spectrum have been extensively studied. We refer to the books of Berberian [3, Sections 56 , 57], Harte [8] , and the articles of Abramovich, Aliprantis and Polyrakis [2] and Harte [9] . In [2, Proposition 2.2] it is shown that the set of bounded below operators (or monomorphisms) between two normed spaces X and Y is open in the normed space of operators L(X, Y ). The corresponding result for almost open operators can be seen in [8, Theorem 3.4.3] . These results are extensions of the well-known fact (see e.g. [10, Theorem 18.12] ) that the set of isomorphisms from a Banach space X onto a Banach space Y is an open subset of the Banach space L(X, Y ), a result which can be proved using the Neumann series for a linear operator. We refer to the recent article by Casazza and Kalton [5] for extensions of Paley-Wiener perturbation theory. In the case of continuous linear operators from a locally convex space E into itself, it was proved by Kasahara in 1972 in [12] that if the set of isomorphisms is open in the space of operators L b (E) endowed with the topology of the uniform convergence on the bounded subsets of E, then the space E must be normable (see the quotation in M. Akkar [1] ). If E is complete, in the terminology of topological algebras, L b (E) is a Q-algebra if and only if E is normable.
The purpose of this note is to characterize completely when the set of monomorphisms and the set of almost open operators are open in the set of all operators L(E, F ) between two locally convex spaces E and F for the topology of uniform convergence on the bounded subsets of E. The characterizations are obtained in Theorems 2.1 and 2.2. The role of the quasinormability of the space E is analyzed in Proposition 2.4 and Corollary 2.5. Theorem 2.6 studies the set of surjective and open operators between non-complete normed spaces. Several examples and propositions discuss other properties of these classes of operators.
Our notation for Banach spaces, operator theory and locally convex spaces is standard and we refer to the books [3, 8, 10, 11, 15, 17, 18] . Unless explicitly mentioned, E and F denote Hausdorff locally convex spaces. If E is a locally convex space, the set of continuous seminorms on E is denoted by cs(E). If p ∈ cs(E), the unit ball of this seminorm is denoted by
The family of all closed absolutely convex neighbourhoods of the origin in E is denoted by U 0 (E). The Minkowski functional of U ∈ U 0 (E) is denoted by p U , and p U ∈ cs(E). If E is a normed space with the norm ||.||, its closed unit ball is denoted by U E := {x ∈ E | ||x|| ≤ 1}. The set of all closed absolutely convex bounded subsets of a locally convex space E is denoted by B(E). If B ∈ B(E), we denote by E B the normed space given by the linear span of B endowed with the norm defined by the Minkowski functional
As usual, the symbol L b (E, F ) denotes the locally convex space of all (always linear and continuous) operators from a locally convex space E into a locally convex space F , endowed with the locally convex topology of uniform convergence on the bounded subsets of E. A basis of neighbourhoods of zero of L b (E, F ) is given by the sets
as B runs in B(E) and V runs in U 0 (F ). This topology is defined by the seminorms q B (T ) := sup{q(T (b)) | b ∈ B}, for B ∈ B(E) and q ∈ cs(F ). If E and F are normed, then L b (E, F ) is the usual normed space of operators. If E = F , we write [11, vol. I, p. 166] or [15, Chapter 8] ). The relation between the properties of T ∈ L(E, F ) mentioned above and its transpose T t : F → E is analyzed in [3, 57.16-18] , [8, 5.5.2-4] , and [9, Section 2] for normed spaces E and F . The situation for locally convex spaces is more complicated; we refer to Dierolf and Zarnadze [6] .
Results
, whence E is normable by Kolmogorov's theorem. We prove the claim by contradiction:
By assumption S ∈ mo(E, F ). But S(x) = 0, and this implies that S is not injective, a contradiction. Now we assume that E is a normed space with a norm ||.||, and we fix
This implies ||x|| ≤ 2q(S(x)) for each x ∈ E and we conclude that S ∈ mo(E, F ).
Proof. We suppose that ao(E, F ) is open in L b (E, F ) and not empty. Let T be an arbitrary element of ao(E, F ). By assumption there are 
Concerning the assumption in Theorems 2.1 and 2.2 and Corollary 2.3 it is worth mentioning that there are pairs of Banach spaces or Fréchet spaces (E, F ) such that mo(E, F ) = ∅ and ao(E, F ) = ∅. This is well known for E = l p and F = l q with p = q (see [13, Chapter 2] ). Vogt [19] and Bonet [4] investigated pairs of Fréchet spaces (E, F ) such that every T ∈ L(E, F ) maps a neighbourhood in E into a bounded subset of F . These pairs satisfy that mo(E, F ) and ao(E, F ) are empty, if E and F are not normable.
Not every surjective operator from a Fréchet space E onto a Banach space F satisfies that the unit ball of the Banach space F is contained inside the image of a bounded subset of E: There is a Köthe echelon space E = λ 1 (A) which is a Montel space having a quotient isomorphic to F = l 1 ; see [11, 31.5] or [15, 27.21 and 27.22 ]. The quotient map q : E → F does not lift bounded sets since the bounded subsets of E are relatively compact.
The class of quasinormable spaces was introduced and studied by Grothendieck. It contains Banach and nuclear spaces, and it is also stable by quotients. Every DF -space in the sense of Grothendieck is quasinormable. A locally convex space is called quasinormable if for every U ∈ U 0 (E) there is V ∈ U 0 (E) such that for every > 0 there is B ∈ B(E) with V ⊆ B + U . Quasinormable Fréchet spaces and their relevance for the lifting of bounded sets can be seen in [ 
is a surjective open operator between a locally complete quasinormable space E and a Banach space F , then there is B ∈ B(E) such that q(B) is a neighbourhood in F .
Proof. Part (b) is an easy consequence of (a) and the Banach-Schauder open mapping theorem, since E B is a Banach space.
We prove (a): Since T is continuous we find
Proceeding by recurrence we have, for each n ∈ N,
This yields U F ⊆ T (2C). Proof. a) By a result of Ovsepian and Pe lczyński [16] , there are sequences (x n ) ∞ n=1 ⊆ X, ||x n || = 1, span{x n | n ∈ N} = X and (u n ) ∞ n=1 ⊆ X with ||u n || ≤ 2 such that u m (x n ) = δ nm (Kronecker's delta). We set E := span(x 1 , x 2 , . . . ). For > 0 we define T : E → E by
The operator T is clearly well-defined and continuous by the properties of the biorthogonal sequences (x n ) ∞ n=1 and (u n ) ∞ n=1 . If x ∈ E and ||x|| ≤ 1, then
This implies that x 1 / ∈ T (E). The proof is complete in this case. b) Let X be an infinite-dimensional Banach space, and let u : X → K be a non-continuous linear form. Then F := ker u is a dense hyperplane of X. We first show the following observation.
Remark 2.7. Let g ∈ L(X) be a surjective operator such that g(F ) ⊆ F . Let g := g|F ∈ L(F ) be the restriction of g to F . Then:
Indeed, to show (i) suppose there is z ∈ X\F with g(z) ∈ F . Since X = F ⊕span(z), we conclude g(X) ⊆ g(F ) ⊕ span(g(z)) ⊆ F = X, which is a contradiction, since g is surjective in X. To show (ii), we pick y ∈ F . Since g is surjective there is z ∈ X with g(z) = y ∈ F . By (i) z ∈ F andg is surjective. Finally to prove (iii) we first observe that kerg ⊆ ker g. If x ∈ ker g ⊆ X, we have g(x) = 0 ∈ F . By (i) x ∈ F and g(x) = 0, i.e. x ∈ kerg.
We continue with the proof of part (b). We fix T ∈ L(F ) which is surjective and open (i.e. a surjective homomorphism in the sense of [11, Chapter 32] ). By density there is a unique extensionT ∈ L(X) withT |F = T . We apply [11, 32.5(3) ] to conclude thatT is a homomorphism in the Banach space X. ConsequentlyT (X) is a closed subspace of X. Since F ⊆T (X), we have thatT is surjective. By [2,
We apply Remark 2.7 to g :=Ŝ,g = g|F = S, to conclude that S ∈ L(F ) is surjective onto F , and kerŜ = ker S. By [17, 2.6.18] S is a homomorphism in F . Therefore S ∈ L(F ) is surjective and open.
In [2, Theorems 3.3 and 3.4] it is proved that, for Banach spaces E and F , the set of isomorphisms from E onto F coincides with mo(E, F ) ∩ ao(E, F ) and with ao(E, F ) ∩ mo(E, F ), the closures taken in L b (E, F ). Our examples below show that these results do not hold for Fréchet spaces E, F . We denote by ω the countable product of copies of the scalar field. is a monomorphism which is not surjective. The operator −F belongs to the closure of ao(ω, ω). In fact H n := −F + 1 n I converges to −F as n tends to ∞ in L b (ω, ω), and −F + 1 n I is a surjective operator: indeed, for y = (y j ) ∞ j=1 ∈ ω, we define x = (x n ) ∞ n=1 ∈ ω by x j := ny j + n 2 y j−1 + . . . + n j−1 y 2 + n j y 1 . Clearly H n (x) = y. Consequently mo(ω, ω) ∩ ao(ω, ω) is not contained in the set of isomorphisms onto ω.
Example 2.9. The backward shift operator B : ω → ω defined as
is surjective and not injective, but it belongs to the closure of mo(ω, ω) in L b (ω, ω). In fact, we define H n : ω → ω, H n (x 1 , x 2 , x 3 , . . . ) = (x 2 , x 3 , . . . , x n , x 1 , x n+1 , . . . ). Clearly H n (x) converges to B(x) as n tends to ∞ for each x ∈ ω. By the Banach-Steinhaus theorem [11, 39.5(1) ], H n tends to B as n tends to ∞ on every precompact subset of ω. Since ω is a Montel space H n converges to B as n goes to ∞ in L b (ω, ω). Consequently ao(ω, ω) ∩ mo(ω, ω) is not contained in the set of isomorphisms onto ω.
More can be said about a sequence of operators which converges in a very strong sense to a surjective isomorphism T ∈ L(E). We need the following extension of the classical result for Banach spaces which is due to Garnir, De Wilde and Schmets [7, p. 346 ]. Its proof uses the Neumann Series. An operator T ∈ L(E, F ) is called bounded (resp. compact ) if there is U ∈ U 0 (E) such that T (U ) is bounded (resp. relatively compact) in F . Theorem 2.10 (Garnir, De Wilde, Schmets). Let E be a complete locally convex space. Let T ∈ L(E) be an operator such that there is U ∈ U 0 (E) with (I − T )(U ) bounded in E and (I −T )(U ) ⊆ αU for some 0 < α < 1. Then T is an isomorphism onto E, and T −1 = ∞ k=0 (I − T ) k , the series converging in L b (E). If (I − T ) is compact no completeness assumption is needed on E. Proposition 2.11. Let E be a complete locally convex space, T ∈ L(E) an isomorphism, and (T n ) ∞ n=1 a sequence in E such that there are B ∈ B(E), U ∈ U 0 (E) such that for all > 0 there is n( ) ∈ N with (T − T n )(U ) ⊆ B for all n ≥ n( ). Then there is n 0 ∈ N such that T n is an isomorphism onto E for all n ≥ n 0 .
Before we begin the proof we would like to note the following remark.
Remark 2.12. If (T n ) ∞ n=1 and T satisfy the assumption of the proposition, then T n converges to T in the sense of Mackey in L b (E); in particular, T n converges to T in L b (E) as n tends to ∞.
Proof. Since T is an isomorphism, V := T (U ) is a neighbourhood in E and for every > 0 there exists n( ) ∈ N such that for every n ≥ n( ) we have (I − T n T −1 )(V ) ⊆ B. This implies that, for n ≥ n(1), the operator (I − T n T −1 ) is bounded. There is 0 > 0 such that 0 B ⊆ 1 2 V . Put n 0 := n( 0 ). If n ≥ n 0 , we have (I − T n T −1 )(V ) ⊆ 1 2 V . We can apply Theorem 2.10 to conclude that T n T −1 is an isomorphism onto E. This implies that T n is an isomorphism for n ≥ n 0 .
